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FRACTIONAL KLEIN-GORDON EQUATION WITH STRONGLY
SINGULAR MASS TERM
ARSHYN ALTYBAY, MICHAEL RUZHANSKY, MOHAMMED ELAMINE SEBIH,
AND NIYAZ TOKMAGAMBETOV
Abstract. We consider a fractional wave equation with a singular mass term
depending on the position and prove that it has a very weak solution. Moreover, we
show the uniqueness and consistency results in some appropriate sense. Numerical
experiments show an appearance of a wall effect for the singular masses of the
strength of δ2.
1. Introduction
In this work we investigate the Klein-Gordon equation with a non-negative singular
mass term depending on the spacial variable. We use the fractional Laplacian instead
of the classical one and prove that the problem has a very weak solution.
The concept of very weak solutions was introduced in [GR15] for the analysis of
second order hyperbolic equations with non-regular time-dependent coefficients and
was applied to several physical models in the papers [RT17a], [RT17b]. We also refer
to [MRT19], where the authors showed the well posedness in the very weak sense of
the damped wave equation with an irregular time-dependent dissipation. Our aim
here is to apply this notion to the Klein-Gordon equation with a singular mass term.
The classical Klein-Gordon equation with a constant mass term and generated by
the classical Laplacian describes the dynamics of spinless particles. With the aim to
describe the propagation of the spinless massive field in curved spacetime in general
relativity, the Klein-Gordon equation has been generalized along two lines: one is
to include a position-dependent mass term [AST10], [DJ06], [WLLW15], [WLLW18],
and the second is to introduce a fractional Laplacian [GBSD18], [GGB11]. On the
other hand in the microscopic scale, e.g. in the theory of fluids, the mass behaves like
distributions [Bak17], which motivates our intention to allow it to be discontinuous
or less regular.
The generalized Klein-Gordon equation has widespread applications such as in the
theory of quantum gravity and quantum liquids to name only two (see [Ma14] and
the references therein).
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2. Main results
For α > 0 and d ∈ N, we investigate the Cauchy problem for the fractional Klein-
Gordon equation
(2.1)
{
utt(t, x) + (−∆)αu(t, x) +m(x)u(t, x) = 0, (t, x) ∈ [0, T ]× Rd,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rd.
Here, the function m is supposed to be non-negative and singular. In the regular
situation, i.e. in the case when the coefficient m is a regular function we have the
following lemma.
To start with, let us define some notions and notations that we use throughout this
paper. Firstly, the notation f . g means that there exists a positive constant C such
that f ≤ Cg. Secondly, the fractional Sobolev space Hα(Rd) is defined as follows :
Hα(Rd) =
{
u ∈ L2(Rd) : ‖u‖Hα < +∞
}
, where ‖u‖Hα := ‖u‖L2 + ‖(−∆)α2 u‖L2 .
We will also use the following notation :
‖u(t, ·)‖ := ‖u(t, ·)‖Hα + ‖∂tu(t, ·)‖L2 .
Lemma 2.1. Let m ∈ L∞(Rd) and m ≥ 0. Suppose that u0 ∈ Hα(Rd) and u1 ∈
L2(Rd). Then, there is a unique solution u ∈ C([0, T ];Hα(Rd)) ∩ C1([0, T ];L2(Rd))
to (2.1), and it satisfies the estimate
(2.2) ‖u(t, ·)‖2 . (1 + ‖m‖L∞)
[‖u1‖2L2 + ‖u0‖2Hα] .
Proof. Multiplying the equation (2.1) on both sides by ut and integrating, we get
(2.3)
Re
(〈∂2t u(t, ·), ∂tu(t, ·)〉L2 + 〈(−∆)αu(t, ·), ∂tu(t, ·)〉L2 + 〈m(·)u(t, ·), ∂tu(t, ·)〉L2) = 0,
where 〈·, ·〉L2 is the inner product of L2(Rd).
Easy calculations show that Re〈∂2t u(t, ·), ∂tu(t, ·)〉L2 = 12∂t〈∂tu(t, ·), ∂tu(t, ·)〉L2 ,
Re〈(−∆)αu(t, ·), ∂tu(t, ·)〉L2 = 1
2
∂t〈(−∆)α2 u(t, ·), (−∆)α2 u(t, ·)〉L2 ,
and
Re〈m(·)u(t, ·), ∂tu(t, ·)〉L2 = 1
2
∂t〈m 12 (·)u(t, ·),m 12 (·)u(t, ·)〉L2 .
Let us denote by E(t) := ‖∂tu(t, ·)‖2L2 + ‖(−∆)
α
2 u(t, ·)‖2L2 + ‖m
1
2 (·)u(t, ·)‖2L2 , the
energy functional of the system (2.1). From (2.3) it follows that ∂tE(t) = 0, and
thus E(t) = E(0). By taking in consideration that ‖m 12 u0‖2L2 can be estimated by
‖m 12 u0‖2L2 ≤ ‖m ‖L∞‖u0‖2L2 , it follows that
(2.4) ‖∂tu(t, ·)‖2L2 .
(‖u1‖2L2 + ‖(−∆)α2 u0‖2L2 + ‖m‖L∞‖u0‖2L2) ,
(2.5) ‖(−∆)α2 u(t, ·)‖2L2 .
(‖u1‖2L2 + ‖(−∆)α2 u0‖2L2 + ‖m‖L∞‖u0‖2L2) ,
and
(2.6) ‖m 12 (·)u(t, ·)‖2L2 .
(‖u1‖2L2 + ‖(−∆)α2 u0‖2L2 + ‖m‖L∞‖u0‖2L2) .
Hence, the desired estimates for ∂tu(t, ·) and (−∆)α2 u(t, ·) are proved. Let us now
estimate u. Applying the Fourier transform to (2.1), the problem can be rewritten
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as a second order ordinary differential equation
(2.7) uˆtt(t, ξ) + |ξ|2αuˆ(t, ξ) = fˆ(t, ξ),
with the initial conditions uˆ(0, ξ) = uˆ0(ξ) and uˆt(0, ξ) = uˆ1(ξ). Here fˆ , uˆ, denote the
Fourier transform of f and u in the spacial variable and f(t, x) := −m(x)u(t, x). We
note that in (2.7), we see fˆ as a source term.
By solving first the homogeneous equation and by application of Duhamel’s prin-
ciple (see, e.g. [Eva98]), we get the following representation of the solution
(2.8) uˆ(t, ξ) = cos(t|ξ|α)uˆ0(ξ) + sin(t|ξ|
α)
|ξ|α uˆ1(ξ) +
∫ t
0
sin((t− s)|ξ|α)
|ξ|α fˆ(s, ξ)ds.
Taking the L2 norm in (2.8) and using the following estimates: 1) | cos(t|ξ|α)| ≤ 1,
for t ∈ [0, T ] and ξ ∈ Rd, 2) | sin(t|ξ|α)| ≤ 1, for large frequencies and t ∈ [0, T ] and,
3) | sin(t|ξ|α)| ≤ t|ξ|α ≤ T |ξ|α, for small frequencies and t ∈ [0, T ], we get that
‖uˆ(t, ·)‖2L2 . ‖uˆ0‖2L2 + ‖uˆ1‖2L2 +
∫ t
0
‖fˆ(s, ·)‖2L2ds.
By Parseval-Plancherel formula we arrive at
‖u(t, ·)‖2L2 . ‖u0‖2L2 + ‖u1‖2L2 +
∫ T
0
‖m(·)u(s, ·)‖2L2ds.
Using the estimate (2.6) and taking in consideration that the last term in the above
estimate can be estimated by ‖m(·)u(t, ·)‖L2 ≤ ‖m‖
1
2
L∞‖m
1
2u(t, ·)‖L2 , we get
(2.9) ‖u(t, ·)‖2L2 . (1 + ‖m‖L∞)
[‖u0‖2Hα + ‖u1‖2L2] .
The estimate (2.2) follows by summing the estimates (2.4), (2.5) and (2.9), ending
the proof. 
2.1. Very weak solutions: Existence. Here, we consider an irregular case when
the mass term m of the equation (2.1) has strong singularities, namely, δ-function or
”δ2-function” like behaviours. In what follows, we will understand a multiplication
of distributions in the sense of the Colombeau algebra [Obe92].
Now we introduce a notion of the very weak solution to the Cauchy problem (2.1)
and prove the existence result. We start by regularising the coefficient m using a
suitable mollifier ψ generating families of smooth functions (mε)ε, namely, mε(x) =
m ∗ ψε(x), where ψε(x) = ε−dψ(x/ε) and ε ∈ (0, 1]. The function ψ is a Friedrichs-
mollifier, i.e. ψ ∈ C∞0 (Rd), ψ ≥ 0 and
∫
ψ = 1.
Assumption 2.2. We make the following assumption on the regularisation (mε)ε of
the coefficient m: there exist N0 ∈ N0 and C > 0 such that
(2.10) ‖mε‖L∞ ≤ Cε−N0 ,
for all ε ∈ (0, 1].
We note that by the structure theorems of distributions, such assumption is natural
and is satisfied, e.g, for m ∈ D′. Let us give some examples.
Example 2.1. Let m(x) = δ0(x). Then, we have mε(x) = m ∗ ψε(x) = ε−dψ(ε−1x) ≤
Cε−d. Moreover, for m(x) = δ20(x), one can define mε(x) = ε
−2dψ2(ε−1x) ≤ Cε−2d.
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Definition 1 (Moderateness). (i) A net of functions (gε)ε is said to be L
∞-moderate,
if there exist N ∈ N0 and c > 0 such that
‖gε‖L∞ ≤ cε−N .
(ii) A net of functions (uε)ε from C([0, T ];H
α) ∩ C1([0, T ];L2) is said to be C1-
moderate, if there exist N ∈ N0 and c > 0 such that
sup
t∈[0,T ]
‖uε(t, ·)‖ ≤ cε−N .
Remark 2.2. By the assumption (2.10), mε is L
∞-moderate in the sense of the last
definition.
Definition 2 (Very Weak Solution). Let (u0, u1) ∈ Hα(Rd) × L2(Rd). Then the net
(uε)ε ∈ C([0, T ];Hα(Rd)) ∩ C1([0, T ];L2(Rd)) is a very weak solution to the Cauchy
problem (2.1) if there exists an L∞-moderate regularisation (mε)ε of the coefficient
m such that (uε)ε solves the regularized problem
(2.11)
{
∂2t uε(t, x) + (−∆)αuε(t, x) +mε(x)uε(t, x) = 0, (t, x) ∈ [0, T ]× Rd,
uε(0, x) = u0(x), ∂tuε(0, x) = u1(x), x ∈ Rd,
for all ε ∈ (0, 1], and is C1-moderate.
Theorem 2.3. Assume that the regularisation (mε)ε of the coefficient m satisfies
the moderateness condition (2.10). Then the Cauchy problem (2.1) has a very weak
solution.
Proof. Since u0 and u1 are smooth enough, using the moderateness assumption (2.10)
and the energy estimate (2.2), we arrive at
‖uε‖ ≤ Cε−N0/2,
where N0 is from (2.10), which means that (uε)ε is C
1-moderate. 
2.2. Uniqueness. We say that the Cauchy problem (2.1) has a unique very weak
solution, if for all families of regularisations (mε)ε and (m˜ε)ε, of the coefficient m,
satisfying ‖mε − m˜ε‖L∞ ≤ Ckεk for all k > 0, it follows that
‖uε(t, ·)− u˜ε(t, ·)‖L2 ≤ CNεN
for all N > 0, for all t ∈ [0, T ], where (uε)ε and (u˜ε)ε are the families of solutions
corresponding to (mε)ε and (m˜ε)ε, respectively.
Theorem 2.4. Let T > 0. Assume that m ≥ 0 in the sense that its regularisations
as functions are non-negative. Suppose that (u0, u1) ∈ Hα(Rd) × L2(Rd). Then, the
very weak solution to the Cauchy problem (2.1) is unique.
Proof. Let (uε)ε and (u˜ε)ε be very weak solutions to the Cauchy problem (2.1) cor-
responding to the coefficients (mε)ε and (m˜ε)ε and assume that ‖mε − m˜ε‖L∞ ≤
Ckε
k for all k > 0. Let us denote by Uε(t, x) := uε(t, x) − u˜ε(t, x), then, U satisfies
the equation
(2.12)
{
∂2tUε(t, x) + (−∆)αUε(t, x) +mε(x)Uε(t, x) = fε(t, x),
U(0, x) = 0, ∂tUε(0, x) = 0,
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with fε(t, x) = (m˜ε(x) − mε(x))u˜ε(t, x). Using Duhamel’s principle, Uε is given by
Uε(x, t) =
∫ t
0
Vε(x, t− s; s)ds, where Vε(x, t; s) solves the problem{
∂2t Vε(x, t; s) + (−∆)αVε(x, t; s) +mε(x)Vε(x, t; s) = 0,
Vε(x, 0; s) = 0, ∂tVε(x, 0; s) = fε(s, x).
Taking Uε in L
2-norm and using (2.2) to get estimate for Vε, we arrive at
‖Uε(·, t)‖L2 ≤ C (1 + ‖mε‖L∞)
1
2
∫ T
0
‖fε(s, ·)‖L2ds
≤ C (1 + ‖mε‖L∞)
1
2 ‖m˜ε −mε‖L∞
∫ T
0
‖u˜ε(s, ·)‖L2ds.
We have that ‖mε − m˜ε‖L∞ ≤ Ckεk for all k > 0, the net (mε)ε is moderate by
assumption and (u˜ε)ε is moderate as a very weak solution to the Cauchy problem
(2.1). Then, for all N > 0, we obtain
‖Uε(·, t)‖L2 = ‖uε(t, ·)− u˜ε(t, ·)‖L2 . εN .
Thus, the very weak solution is unique. 
2.3. Consistency. We want to prove that in the case when a classical solution exists
for the Cauchy problem (2.1) as in Lemma 2.1, the very weak solution recaptures the
classical one.
Theorem 2.5. Let (u0, u1) ∈ Hα(Rd) × L2(Rd). Assume that m ∈ L∞(Rd) is non-
negative and, let us consider the Cauchy problem
(2.13)
{
utt(t, x) + (−∆)αu(t, x) +m(x)u(t, x) = 0, (t, x) ∈ (0, T )× Rd,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rd.
Let (uε)ε be a very weak solution of (2.13). Then for any regularising family mε =
m ∗ ψε, for any ψ ∈ C∞0 , ψ ≥ 0,
∫
ψ = 1, the net (uε)ε converges to the classical
solution of the Cauchy problem (2.13) in L2 as ε→ 0.
Proof. The classical solution satifies{
utt(t, x) + (−∆)αu(t, x) +m(x)u(t, x) = 0, (t, x) ∈ (0, T )× Rd,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rd.
For the very weak solution, there is a representation (uε)ε such that{
∂2t uε(t, x) + (−∆)αuε(t, x) +mε(x)uε(t, x) = 0, (t, x) ∈ (0, T )× Rd,
uε(0, x) = u0(x), ∂tuε(0, x) = u1(x), x ∈ Rd.
Taking the difference of the above equations, we get{
∂2t (u− uε)(t, x) + (−∆)α(u− uε)(t, x) +mε(x)(u− uε)(t, x) = ηε(t, x),
(u− uε)(0, x) = 0, ∂t(u− uε)(0, x) = 0, x ∈ Rd,
where ηε(t, x) = (m(x) −mε(x))u(t, x). Let us denote by Wε(t, x) := (u − uε)(t, x).
Once again, using Duhamel’s principle, Wε is given by Wε(x, t) =
∫ t
0
Vε(x, t− s; s)ds,
where Vε(x, t; s) solves the problem{
∂2t Vε(x, t; s) + (−∆)αVε(x, t; s) +mε(x)Vε(x, t; s) = 0,
Vε(x, 0; s) = 0, ∂tVε(x, 0; s) = ηε(s, x).
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We have that ‖m−mε‖L∞ → 0 as ε→ 0. Taking the L2-norm for Wε and using the
energy estimate (2.2), we get
‖Wε(·, t)‖L2 ≤
∫ T
0
‖Vε(·, t− s; s)‖L2ds ≤ C (1 + ‖mε‖L∞)1/2 ‖m−mε‖1/2L∞
∫ T
0
‖u(s, ·)‖L2ds.
Since ‖mε‖L∞ ≤ C it follows that (uε)ε converges to u in L2 as ε→ 0. 
3. Numerical experiments
In this Section, we do some numerical experiments. Let us analyse our problem by
regularising a distributional mass term m(x) by a parameter ε. We define mε(x) :=
(m ∗ ϕε)(x), as the convolution with the mollifier ϕε(x) = 1εϕ(x/ε), where ϕ(x) ={
c exp
(
1
x2−1
)
, |x| < 1,
0, |x| ≥ 1, with c ' 2.2523 to have
∞∫
−∞
ϕ(x)dx = 1. Then, instead of
(2.1) we consider the regularised problem
(3.1) ∂2t uε(t, x)− ∂2xuε(t, x) +mε(x)uε(t, x) = 0, (t, x) ∈ [0, T ]× R,
with the initial data uε(0, x) = u0(x) and ∂tuε(0, x) = u1(x), for all x ∈ R. Here, we
put
u0(x) =
{
exp
(
1
(x−50)2−0.25
)
, |x− 50| < 0.5,
0, |x− 50| ≥ 0.5,
and u1(x) ≡ 0. Note that suppu0 ⊂ [49.5, 50.5].
For m we consider the following cases, with δ denoting the standard Dirac’s delta-
distribution:
Case 1: m(x) = 0 with mε(x) = 0;
Case 2: m(x) = δ(x− 40) with mε(x) = ϕε(x− 40);
Case 3: m(x) = δ(x − 40) × δ(x − 40). Here, we understand mε(x) as mε(x) =
(ϕε(x− 40))2 ;
In Figure 1, we analyse behaviours of the solutions to the equation (3.1) with
the initial function u0 (given in the upper-left plot) in the cases of different mass
terms. The further plots of Figure 1 are comparing the replacement function u at
t = 8.8, 10.2, 10.6, 11.0, 12.0 for ε = 0.05 in the following three cases: Case 1 is
corresponding to the mass term m is equal to zero; Case 2 is corresponding to the
case when the mass term m is like a δ-function; Case 3 is corresponding to the mass
term m is like a square of the δ-function.
By analysing Figure 1, we see that a delta-function mass term affects less on the
behaviour of the solution of (3.1) compared to the square delta-function like mass
term by reflecting some waves in the opposite direction. In the upper-right plot and
in the lower plots of Figure 1, we observe that the replacement function u is almost
fully reflected in the square delta-function like mass term case. At t = 8.8 we see
that the yellow coloured wave is starting to settle and, from t = 10.2 is moving in
opposite direction. We call the last phenomena, a ”wall effect”.
All numerical computations are made in C++ by using the sweep method. In
above numerical simulations, we use the Matlab R2018b. For all simulations we take
∆t = 0.2, ∆x = 0.01.
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Figure 1. In these plots, we analyse behaviours of the solutions of the
equation (3.1) in the cases of different mass terms. In the upper-left
plot, the graphic of the initial function u0 is given. In the further plots,
we compare the replacement function u at t = 8.8, 10.2, 10.6, 11.0, 12.0
for ε = 0.05 in the three cases of the mass term, which are described
below.
Conclusion. The analysis conducted in this article showed that numerical meth-
ods work well in situations where a rigorous mathematical formulation of the problem
is difficult in the framework of the classical theory of distributions. The concept of
very weak solutions eliminates this difficulty in the case of the terms with multiplica-
tion of distributions. In particular, in the Klein-Gordon equation case, we see that a
delta-function mass term affects less on the behaviour of the waves compared to the
square of the delta-function case, the latter causing a so-called ”wall effect”.
Numerical experiments have shown that the concept of very weak solutions is very
suitable for numerical modelling. In addition, using the theory of very weak solutions,
we can talk about the uniqueness of numerical solutions of differential equations with
strongly singular coefficients in an appropriate sense.
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